
Assignment sheet 3

——————————————————————————————————–

1. Given a set P of n points, their convex hull is the smallest convex set that contains all the n
points. That is, it is the intersection of all convex sets that contain the n points in P .

Design a randomized incremental algorithm with expected running time O(n log n) to compute
the convex hull of n points in the plane.

2. Given an integer a ≥ 2, you are asked to determine if a = xy for some integers x ≥ 2, y ≥ 2. If
a has this form, then the algorithm should return such an x and y, else the algorithm should
say that a cannot be expressed in such a form.

3. Euclid’s gcd algorithm takes two numbers a and b such that a > b > 0, and determines their
gcd by computing the following sequence starting with r0 = a and r1 = b.

r2 = r0 mod r1 q2 = r0 div r1 (0 < r2 < r1)

r3 = r1 mod r2 q3 = r1 div r2 (0 < r3 < r2)

. . .

rk = rk−2 mod rk−1 qk = rk−2 div rk−1 (0 < rk < rk−1)

The sequence ri is strictly decreasing, implying that the algorithm terminates in a finite
number of stages. Termination occurs when rk−1 mod rk = 0 (that is, rk divides rk−1).

(i) Show that rk = gcd(a, b).

(ii) Show that this is a polynomial time algorithm.

(iii) Let Fn be the nth Fibonacci number. Show that the worst case for Euclid’s algorithm
is when a and b are consecutive Fibonacci numbers. If a = Fn+1 and b = Fn, then the
number of stages k equals n. Noting that Fn ≈ φn/

√
5, where φ is the golden ratio

1.618..., prove that the running time of this algorithm is polynomial in the lengths of a
and b.

(iv) For all a > b > 0, there exists integers x and y such that

gcd(a, b) = ax + by.

Moreover, x and y can be computed in polynomial time.

4. Consider two sets A and B, each having n integers in the range from 0 to 10n. We wish to
compute the Cartesian sum of A and B, defined by

C = {x + y : x ∈ A, y ∈ B}.

Note that the integers in C are in the range 0 to 20n. We want to find the elements in C and
the number of times each element of C is realized as a sum of elements in A and B. Show
that the problem can be solved in O(n log n) time.



5. Derive a point-value representation for Arev(x) =
∑n−1

j=0
an−1−jx

j from a point-value repre-

sentation for A(x) =
∑n−1

j=0
ajx

j, assuming that none of these points is 0.

6. Given a list of values z0, z1, . . . , zn−1 (possibly with repetitions), show how to find the coef-
ficients of a polynomial P (x) of degree n + 1 that has zeroes only at z0z1, . . . , zn−1 in time
O(n log2 n).

7. Give a linear-time algorithm to determine if a text T is a cyclic rotation of another string T ′.
For example, car and arc are cyclic rotations of each other.

8. Show to extend the Rabin-Karp method to handle the problem of looking for a given m×m
pattern in an n×n array of characters. (The pattern may be shifted vertically and horizontally,
but it may not be rotated.)


