
on the steps of the algorithm so far. In the case of SC and other heuristics for SAT, the
argument to deal with conditioning is relatively simple. Indeed, what we can show in this
case is that the formula ft after t literals have been set to be true is “as independent as it
can be”, in the sense that it is uniform independent conditioned on the number of clauses
of different cardinalities in ft as we describe now. [In what follows, we will need to look
at “labeled” set of clauses, where, we write the number of the clause and the clause itself.
For convenience, we refer to this as a “sequence” of clauses.]

Lemma 2.10 Suppose C3 be the sequence of clauses of length 3, at the t th stage of the
algorithm. Then, the clauses in C3 are independent and each is equally likely to be any
3-clause made up of the remaining literals. Similar statements also hold for C2, C1, the
sequences (respectively) of clauses of length 2 and 1 at the t stage.

Proof: The proof will be by induction on t. When t = 0, we are at the start and
the assertion holds. [Then, C1 = ∅ and also C2 = ∅.] At a general stage t, suppose
a = |C3|. Let X be any sequence of a clauses from the set of

(
n−t
3

)
23 clauses of length

3 on the remaining n − t variables. [X could have repeats in it.] We wish to prove
that Prob(C3 = X) is the same for all X. [It is easy to see that this is equivalent to
the assertions that the clauses in C3 are independent and each equally likely to be any
3-clause.] Suppose C ′3 was the sequence of 3-clauses at stage t − 1. Then, C3 ⊆ C ′3 and
if the literal set to true at stage t− 1 was x, each clause in C ′3 \ C3 contained either x or
x̄, so ceased to be a 3-clause after we set x. Lets call such a C ′3 “consistent” with C3 and
denote this by C ′3 ∼ C3. We have

Prob(C3 = X) =
∑
Y∼X

Prob(C ′3 = Y ). (2.2)

Now suppose X̂ is another sequence of a 3-clauses in the remaining variables. We wish
to show that Prob(C3 = X̂) = Prob(C3 = X). Now for any Y ∼ X, modify Y by
replacing all the clauses in Y ∩ X by the clauses in X̂ to get a sequence Ŷ . Clearly
|Ŷ | = |Y | and the mapping Y → Ŷ is 1-1 (given X, X̂ and the set of clauses of Y (or
Ŷ ) which remain as clauses in X (or X̂)). By the inductive assumption, we must have
Prob(C ′3 = Y ) = Prob(C ′3 = Ŷ ). Plugging this into (2.2), we get what we want.

The proof for C2 and C1 is similar, but a little more complicated. For C2, suppose
C ′2 and C ′3 were the sequences of 2 and 3 clauses in the previous step before x was set to
true. Then, some of the clauses in C2 came from C ′3 (these clauses must have contained x̄)
and some others came from C ′2 (these must have contained neither x, nor x̄). Suppose A
was the subsequence of C2 which came from C ′3; so these were all the clauses of C ′3 which
contained x̄ which was set to false. B = C2 \ A was the subsequence of C2 which came
from C ′2 (so this was the set of clauses of C ′2 which did not contain x or x̄). Then, for any
subsequence X of |C2| 2-clauses: Prob(C2 = X) is the sum over all partitions (A,B) of
X, of the probability that A = the set of clauses of C ′3 containing x̄ and B = the set of
clauses of C ′2 not containing x or x̄. Now suppose Y is another sequence of |C2| clauses,
each of length 2 from the remaining variables. For a partition A,B of X, let A′, B′ be
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the corresponding partition of Y (if A contains clauses 1, 17, 29, 30 of X, then A′ contains
also 1, 17, 29, 30 of Y ).

Now, by the inductive assumption of independence and each clause being equally likely
at the previous step, we have probability that A = the set of clauses of C ′3 containing x̄
and B = the set of clauses of C ′2 not containing x or x̄ is the same as probability that
A′ = the set of clauses of C ′3 containing x̄ and B′ = the set of clauses of C ′2 not containing
x or x̄. Summing over all A,B and all A′, B′, we get that Prob(C2 = X) = Prob(C2 = Y )
as required.

The argument for C1 is similar.

We will use this Lemma 2.10 shortly. We will also need another manifestation of
independence of clauses which we establish in the following claim. Call the (ordered)
sequence of literals set to true by the algorithm a “run” of the algorithm. So, a run I
looks like {x̄10, x2, x̄175, x5, · · · }. The lemma below asserts that given the particular run
the algorithm took, what happens to different clauses is independent. So, the run is the
only “connecting link” between different clauses.

Lemma 2.11 Suppose I is a particular run of the algorithm. For j ∈ {1, 2, · · · ,m},
Suppose aj is the first time the jth clause of the original input becomes a 2-literal clause.
Then, we have

Prob(aj = t|I) =

(
n− t
2

)

2

(
n
3

) .

Further, the random variables {aj|j = 1, 2, · · · ,m} are independent given I. This means

Prob (a1 = t1; a2 = t2; · · · ; am = tm | I)
= Prob(a1 = t1|I)Prob(a2 = t2|I) · · ·Prob(am = tm|I).

Proof: For aj to be t given I, clause j must have two literals from among the n-t variables
which are not yet set at time t (in I) and must have as the third literal, the negation of
one that was set to true at time t. This gives us the formula above for Pr(aj = t|I). The
independence is also simple, just note that the above set of conditions that imply aj = t|I
have nothing to do with any clause other than the jth.

Intuitively, since 0-length clauses are the ones which certify that the algorithm has
failed, we need to argue they do not arise. They arise only from 1-length clauses which
in turn arise from 2-length clauses. So it seems a good idea to argue that at no time do
we have too many 2-length or 1-length clauses.

Lemma 2.12 With probability 1-o(1), we have that at all times, the number of 2 and
1-length clauses together is O(lnn).
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